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Abstract We consider the energy of the Universe, from the pseudo-tensor point of view
(Berman, M.Sc. thesis, 1981). We find zero values, when the calculations are well-done.
The doubts concerning this subject are clarified, with the novel idea that the justification
for the calculation lies in the association of the equivalence principle, with the nature of
co-motional observers, as demanded in Cosmology. In Sect. 4, we give a novel calculation
for the zero-total energy result.

Keywords Pseudotensors · General relativity · Energy · Pseudoquadrimomentum ·
Cosmology

1 Introduction

In pp. 90 and 91 of the best-seller [25], Hawking describes inflation [24], as an accelerated
expansion of the Universe, immediately after the creation instant, while the Universe, as it
expands, borrows energy from the gravitational field to create more matter. According to
his description, the positive matter energy is exactly balanced by the negative gravitational
energy, so that the total energy is zero,and that when the size of the Universe doubles, both
the matter and gravitational energies also double, keeping the total energy zero (twice zero).
Our task will be to show why the Universe is a zero-total-energy entity, by means of pseudo-
tensors.

The pioneer works of Nathan Rosen [33], Cooperstock and Israelit [18], showing that
the energy of the Universe is zero, by means of calculations involving pseudotensors, and
Killing vectors, respectively, are here given a more simple approach. We shall show that the
energy of the Robertson-Walker’s Universe is zero, [10]. Berman [4] worked as a pioneer,
in pseudotensor calculations for the energy of Robertson-Walker’s Universe. He made the
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calculations on which the present paper rest, and, explicitly obtained the zero-total energy
for a closed Universe, by means of LL-pseudotensor.

The zero-total-energy of the Roberston-Walker’s Universe, and of any Machian ones,
have been shown by many authors [5–9]. It may be that the Universe might have origi-
nated from a vacuum quantum fluctuation. In support of this view, we shall show that the
pseudotensor theory [1] points out to a null-energy for a Robertson-Walker-flat Universe, in
a Cartesian-coordinates calculation [3, 5–9, 17–20, 23, 26, 32, 34, 40]. Next, we shall show
that in spherical coordinates, we would obtain a wrong result, but see also [27–30]. Recent
developments include torsion models [36], and, a paper by Xulu [39].

The reason for the failure of curvilinear coordinate energy calculations through
pseudotensor, resides in that curvilinear coordinates carry non-null Christoffel symbols,
even in Minkowski spacetime, thus introducing inertial or fictitious fields that are inter-
preted falsely as gravitational energy-carrying (false) fields.

Carmeli et al. [16] listed four arguments against the use of Einstein’s pseudotensor: 1. the
energy integral defines only an affine vector; 2. no angular-momentum is available; 3. as it
depends only on the metric tensor and its first derivatives, it vanishes locally in a geodesic
system; 4. due to the existence of a superpotential, which is related to the total conserved
pseudo-quadrimomentum, by means of a divergence, then the values of the metric tensor,
and its first derivatives, only matter, on a surface around the volume of the mass-system.

We shall argue below that, for the Universe, local and global Physics blend together. The
pseudo-momentum, is to be taken like the linear momentum vector of Special Relativity,
i.e., as an affine vector. If the Universe has some kind of rotation, the energy-momentum
calculation refers to a co-rotating observer. Such being the case, we go ahead for the actual
calculations.

2 Energy of the flat Robertson-Walker’s Universe

It has been generally accepted that the Universe has zero-total energy. The first such claim,
as far as the present author recollects, was due to Feynman [21]. Lately, Berman [5, 6] has
proved this result by means of simple arguments involving Robertson-Walker’s metric for
any value of the tri-curvature (0,−1,1).

The pseudotensor tμν , also called Einstein’s pseudotensor, is such that, when summed
with the energy-tensor of matter T μ

ν , gives the following conservation law:

[√−g
(
T μ

ν + tμν
)]

,μ = 0. (1)

In such case, the quantity

Pμ =
∫ {√−g

[
T 0

μ + t0
μ

]}
d3x, (2)

is called the general-relativistic generalization of the energy-momentum four-vector of spe-
cial relativity [1].

It can be proved that Pμis conserved when:

(a) T μ
ν �= 0 only in a finite part of space; and,

(b) gμν → ημν when we approach infinity, where ημν is the Minkowski metric tensor.

However, there is no reason to doubt that, even if the above conditions were not fulfilled,
we might eventually get a constant Pμ, because the above conditions are sufficient, but not
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strictly necessary. We hint on the plausibility of other conditions, instead of (a) and (b)
above.

Such a case will occur, for instance, when we have the integral in (2) is equal to zero.
For R.W.’s flat metric, we get exactly this result, because, from Freud’s [22] formulae,

we have

Pν = 1

2κ

∫ √−g{[δ0
ν (g

βα�
ρ

βρ − gβρ�α
βρ) + δα

ν (gβρ�0
ρβ − g0ρ�

β

ρβ)

− (gβα�0
βν − gβ0�α

βν)]}′αd
3x. (3)

From R.W.’s flat metric,

ds2 = dt2 − R2(t)dσ 2, (4)

we find that, with no index summation,

gii�0
ii ≡ g00�i

0i , (5)

and, then,

Pi = 0 (i = 1,2,3). (6)

On the other hand, considering only the non-vanishing Christoffel symbols, we would find,
taken care of (4),

P0 = 0. (7)

Because we found a constant result, we may say that the total energy of a flat R.W.’s Universe
is null.

A different calculation, as follows, leads to the same result. Weinberg [38] defines:

hμν ≡ gμν − ημν, (8)

and then solves for the 4-pseudo-momentum, obtaining:

P j = − 1

16πG

∫ {
−∂hkk

∂t
δij + ∂hk0

∂xk
δij − ∂hj0

∂xi
+ ∂hij

∂t

}
{
nir

2d
}
, (9)

and,

P 0 = − 1

16πG

∫ {
∂hjj

∂xi
− ∂hij

∂xj

}{
nir

2d
}
, (10)

with

d = sin θdθdφ, (11)

and,

ni ≡ Xi

r
. (12)

Though (9) and (10) can be constants in the case considered in Weinberg’s book, it is
evident that if the integrals in both (9) and (10) are null, we still can call the null result of
(10) as a proof of the null energy of the R.W. flat Universe. And, in this case,

P i = P 0 = 0 (i = 1,2,3). (13)
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A similar result would be obtained from Landau and Lifshitz pseudotensor [31], where we
have:

P ν
LL =

∫
(−g)

[
T ν0 + tν0

L

]
d3x, (14)

where,

(−g)t ikL = 1

2κ

{
gik′l glm′m − gil′l g

km′m + 1

2
gikglmgln,ρ g

ρm
′n − (gilgmng

kn′ρ g
mρ
′l + gklgmng

in′ρ g
mρ
′l )

+ glmgnρgil′ng
km′p + 1

8
(2gilgkm − gikglm)(2gnρgqr − gρqgnr )g

nr′l g
pq
′m

}
, (15)

(in this last expression all indices run from 0 to 3).
A short calculation shows that:

P ν
LL = 0 (ν = 0,1,2,3). (16)

The above results could also follow from superpotential formulae [22]. For instance, from
the Einstein’s superpotential:

Pν =
∫ [

U [0σ ]
ν

]
,σ

d3x,

where,

2κ
√−gU [μρ]

ν
(E)

= gνσ

{
g

[
gμσ gρλ − gμλgρσ

]}
,λ

.

Then, we find, for the Robertson-Walker’s metric,

U [0σ ]
ν
(E)

= 0 (ν = 0,1,2,3).

Then, P0 = 0. Analogously, we would find Pi = 0.

3 Counter-examples in Energy Calculations

3.1 Closed Robertson-Walker’s Counter-Example

We can give a counter-example, showing that if we do not use Cartesian coordinates, but
other system, say, spherical coordinates, the energy calculation becomes flawed [4], as it
has been warned by Weinberg [38] and Adler, Bazin and Schiffer [1], among others.

Consider a closed Robertson-Walker’s metric:

ds2 = − R2(t)

(1 + r2

4 )2

[
dr2 + r2dθ2 + r2 sin2 θdφ2

] + dt2. (17)

With the energy momentum tensor for a perfect fluid, whose comoving components are:

T 0
0 = ρ,

T 1
1 = T 2

2 = T 3
3 = −p,
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T μ
ν = 0 if μ �= ν,

where ρand pstand for energy density and cosmic pressure, respectively, and with a pseudo-
tensor given by:

√−gtαβ = 1

2κ
[δα

βU − g
μν
′β

∂U

∂g
μν
′α

], (18)

where,

U = √−ggμν

[
�β

μα�
α
νβ − �α

μν�
β

αβ

]
, (19)

we shall find a time-varying result for the energy.
If we consider Einstein’s field equations, with k = +1, where kis the tricurvature, in

particular we have:

3H 2 = κρ − 3R−2, (20)

with,

H = Ṙ

R
(Hubble’s parameter).

Then we find after a short calculation:

U = √−g

[
6H 2 − 2

r2R2

(
1 − r2

R2

)2]
,

and, then we find:

P0 = 4π2

κ
R(t),

P1 = P2 = P3 = 0.

The time-varying result for P0 shows that only Cartesian coordinates must be employed
when applying pseudotensors in General Relativity. In Ref. [40] it is stated that, for closed
Universes, the only acceptable result is P0 = 0.

3.2 Flat Robertson-Walker’s Counter-Example

We now repeat succinctly the k = 0 calculation, employing polar spherical coordinates,
finding the wrong result P0 = ∞.

Consider Einstein’s pseudotensor. We shall find:

U = 6
√−gH 2 − 2

r2R2
;

and,

P0 =
∫ √−g

[
3

κR2
− 1

κr2R2

]
d3x,

where,
√−g = R3r2 sin θ.
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We find then,

P0 = lim
r→∞

∫
3Rr2 sin θ

κ

[
1 − 1

3r2

]
d3x

= lim
r→∞

∫
3Rr2 sin θ

κ

[
1 − 1

3r2

]
r2 sin θdθdφdr.

In the process of integration we will find:

∫ ∞

0

(
r4 − 1

3
r2

)
dr = ∞.

This shows again, that Cartesian coordinates should be employed.

3.3 Counter-Counter Example

While we have shown that Cartesian coordinates yield acceptable results, and spherical co-
ordinates may lead to inconsistencies, we shall now show that LLpseudotensor yields a
correct zero result for the energy of a closed Robertson-Walker’s Universe, even if spherical
coordinates are used [4].

According to Landau-Lifshitz pseudotensor, we would have:

P μ =
∫

(−g)
[
T μ0 + t

μ0
LL

]
d3x.

We apply now the superpotential:

(−g)
[
T μ0 + t

μ0
LL

]
= U

LL

μ[νσ ]

, σ

,

where,

U
LL

μ[νσ ] = 1

2κ

∂

∂xλ

[
(−g)

(
gμνgσλ − gμσ gνσ

)]
.

We then find successively,

P 0 = 1

2κ

∫
∂2

∂xσ ∂xλ

[
(−g)

(
g00gσλ − g0σ g0λ

)]
d3x

= 1

2κ

∫
∂2

∂r2
[−g22g33]d3x + 1

2κ

∫
∂2

∂θ2
[−g11g33]d3x = 0,

where we have made use of the following results:
∫ π

0

∂

∂θ2

(
sin2 θ

)
dθ = 2

∫ π

0
cos 2θdθ = 1

2
[sin 2θ ]π0 = 0.

and,
{

d

dr

r4

[(1 + r2

4 )4]
}∞

0

=
{

4r3

(1 + r2

4 )4
− 2r5

(1 + r2

4 )5

}∞

0

= 0.

Analogously we would find that the space components of the pseudomomentum are null.
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4 A Novel Calculation

So many researchers have dealt with the present paper’s subject. Why one more paper? We
shall now consider, first, why the Minkowski metric represents a null energy Universe. Of
course, it is empty. But, why it has zero-valued energy? We resort to the result of Schwarz-
schild’s metric, [1],

E = Mc2 − GM2

2R
. (21)

If M = 0, the energy is zero, too. But when we write Schwarzschild’s metric, and make the
mass become zero, we obtain Minkowski metric, so that we got the zero-energy result. Any
flat RW’s metric, can be reparametrized as Minkowski’s [5, 6, 19].

Now, the energy of the Universe, can be calculated at constant time coordinate t . In
particular, the result would be the same as when t → ∞, or, even when t → 0. Arguments
for initial null energy come from [2, 37]. More recently, we recall the quantum fluctuations
of Alan Guth’s inflationary scenario [24]. Berman [12] gave the Machian picture of the
Universe, as being that of a zero energy. Sciama’s inertia theory results also in a zero-total
energy Universe [10, 35]).

Consider the possible solution for RW’s metric as an accelerating Universe. The scale-
factor assumes a power-law, say,

R = (mDt)1/m, (22)

where, m, D = constants, and,

m = q + 1 > 0, (23)

where q is the deceleration parameter.
For a perfect fluid energy tensor, and a perfect gas equation of state, cosmic pressure and

energy density obey the following energy-momentum conservation law, [7, 8],

ρ̇ = −3H(ρ + p), (24)

where,

p = αρ (α = constant larger than −1). (25)

On solving the differential equation, we find, for any k = 0, 1, −1, that,

ρ = ρ0t
− 3(1+α)

m (ρ0 = constant). (26)

When t → ∞, from (26) we see that the energy density becomes zero, and we retrieve an
“empty” Universe, or, say, again, the energy is zero. However, this energy density is for the
matter portion, but nevertheless, as in this case, R → ∞, all masses are infinitely far from
each others, so that the gravitational inverse-square interaction is also null. The total energy
density is null, and, so, the total energy. Notice that the energy-momentum conservation
equation does not change even if we add a cosmological constant density, because we may
subtract an equivalent amount in pressure, and (24) remains the same.
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5 Final Comments and Conclusions

The zero result for the spatial components of the energy-momentum-pseudotensor calcula-
tion, are equivalent to the choice of a center of Mass reference system in Newtonian theory,
likewise the use of comoving observers in Cosmology. It is with this idea in mind, that we
are led to the energy calculation, yielding zero total energy, for the Universe, as an accept-
able result: we are assured that we chose the correct reference system; this is a response to
the criticism made by some scientists which argue that pseudotensor calculations depend on
the reference system, and thus, those calculations are devoid of physical meaning.

The counter-example (k = +1) shows, nevertheless, that Cartesian coordinates need to
be used. Next, a new counter-example (k = 0) shows the same problem. In the following
calculation, we found a counter-counter-example, where the use of spherical coordinates,
although tragic earlier, does no harm in the Landau-Lifshitz calculation. We thank J. Katz,
for several advises, in order to allow any kind of coordinates in energy calculations, and that
superpotentials should be preferred, because our calculations would be simplified [27–30].

The zero-total-energy of the Universe has been made clear. Related conclusions by
Berman should be consulted [1–14]. As a bonus, we can assure that there was not an initial
infinite energy density singularity, because attached to the zero-total energy conjecture, there
is a zero-total energy-density result, as was pointed by Berman elsewhere [12]. The so-called
total energy density of the Universe, which appears in some textbooks, corresponds only to
the non-gravitational portion, and the zero-total energy density results when we subtract
from the former, the opposite potential energy density.

As Berman [15] shows, we may say that the Universe is singularity-free, and was created
ab-nihilo.

In order to close forever this subject, some words follow. The equivalence principle, says
that at any location, spacetime is (locally) flat, and a geodesic coordinate system may be con-
structed, where the Christoffel symbols are null. The pseudotensors are, then, at each point,
null. But now remember that our old Cosmology requires a co-moving observer at each
point. It is this co-motion that is associated with the geodesic system, and, as RW’s metric
is homogeneous and isotropic, for the co-moving observer, the zero-total energy density re-
sult, is repeated from point to point, all over spacetime. Cartesian coordinates are needed,
too, because curvilinear coordinates are associated with fictitious or inertial forces, which
would introduce inexistent accelerations that can be mistaken additional gravitational fields
(i.e.,that add to the real energy). Choosing Cartesian coordinates is not analogous to the use
of center of mass frame in Newtonian theory, but the null results for the spatial components
of the pseudo-quadrimomentum show compatibility.

Berman [15] has discussed why there is no zero-time infinite energy-density singularity.
The calculation of Sect. 4, is original, too.
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